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Abstrat
Reently we have desribed a mehanial system whih exhibits
spontaneous breaking of Z2 symmetry and related topologial kinks
alled ompatons. The orresponding eld potential is not dieren-
tiable at its global minima. Therefore, standard derivation of disper-
sion relation ω(k) for small perturbations around the ground state an
not be applied. In the present paper we obtain the dispersion relation.
It turns out that evolution equation remains nonlinear even for arbi-
trarily small perturbations. The shape of the resulting running wave is
pieewise ombined from ±cosh funtions. We also analyze dynamis
of the symmetry breaking transition. It turns out that the number
of produed ompaton-antiompaton pairs strongly depends on the
form of initial perturbation of the unstable former ground state.
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1 Introdution
During the reent deades it has beome lear that spontaneous symmetry
breaking and related with it topologial defets play important role in physis
of superuid Helium, superondutors, liquid rystals, hadroni matter, os-
mi objets like neutron stars or hypothetial osmi strings, and many other
systems. Reviews and referenes an be found in, e.g., [1, 2℄. Stati prop-
erties of the topologial defets are understood relatively well. Dynamis of
them is muh harder to unravel. Interations and prodution of the defets
in general involve many modes of underlying elds (or order parameters),
and non-trivial time-dependent solutions of nonlinear eld equations have to
be investigated.
In the present paper we disuss time-dependent solutions in the eetive
model introdued in [3℄. The model is distinguished by several attrative
features. First, the pertinent eld equations are very simple. Seond, the
model has lear relation with a lassial system of marosopi pendulums,
whih is easy to visualize, and even to build. This is in ontrast with many
other eetive models with topologial defets where their relation with the
pertinent physial system is not transparent  this is espeially true in the
ase of lassial Ginzburg - Landau type eetive models for quantum uids.
Finally, the topologial defets in our model have only ontat interations 
they do not interat until they touh eah other. The reason is that solutions
desribing the defets exatly oinide with vauum solutions outside ertain
nite region in the spae, hene the ommon exponential tails are absent
here. Suh defets are alled ompatons
1
.
The Lagrangian obtained in [3℄ has the form
L =
1
2
(∂τφ)
2 − 1
2
(∂ξφ)
2 − V (φ), (1)
where ξ is a dimensionless oordinate along a straight-line, φ = φ(ξ, τ) is the
salar eld whih in general an depend on ξ and on a dimensionless time τ .
The eld potential V (φ) is given by the following formula
V (φ) =
{
cosφ− 1 for |φ| ≤ φ0
∞ for |φ| > φ0, (2)
where φ0 is a onstant, π > φ0 > 0. The potential has two degenerate min-
ima at φ = ±φ0, see Fig. 1.
1
This name has been proposed in onnetion with solitoni solutions of modied Ko-
rteveg - deVries equations, see, e.g., [4, 5, 6℄.
2
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Fig.1. The potential V (φ).
The variable ξ is restrited to the interval [−ξN , ξN ]. By assumption, the
eld φ obeys the following boundary onditions
φ(±ξN , τ) = 0. (3)
Beause of the innite potential barrier, modulus of the eld φ annot exeed
φ0,
− φ0 ≤ φ ≤ φ0. (4)
Salar elds with values restrited to ertain nite interval appear also in a
ompletely dierent ontext of brane models, [7℄.
As disussed in detail in [3℄, the eetive model dened by formulas (1-4)
desribes a system of 2N +1 pendulums attahed to a retilinear wire at the
onstant distane a between them. Eah pendulum has the arm of length R,
and mass m on the free end whih an move only in a plane perpendiular to
the wire. φ is the angle between the arm and the vertial upward diretion.
The pendulums are rmly attahed to the wire, so that φ is also the angle by
whih the wire is twisted. It is assumed that the wire is elasti with respet
to the twists, κ is the orresponding torsional elastiity oeient. The angle
φ is restrited to the interval [−φ0, φ0] by two sti rods plaed symmetrially
on both sides of the wire, parallel to it and at the appropriate distane. The
boundary onditions (3) mean that the two outermost pendulums are kept at
rest in the upward position by an external fore. The dimensionless variables
ξ, τ are related to the physial position oordinate x (along the wire) and
time t by the formulas
ξ =
√
mgR
κa
x, τ =
√
g
R
t. (5)
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The two outermost pendulums are loated at x = ±Na, hene
ξN =
√
mgRa
κ
N. (6)
The system of pendulums as desribed above, but without the two rods,
is well-known in onnetion with sine-Gordon equation and its solitoni so-
lutions [8℄. In that ase the spae of values of φ(ξ, τ) is a irle S1, and the
solitons appear beause of nontrivial topology of S1. In our ase, instead
of S1 we have the topologially trivial interval [−φ0, φ0]. The presene of
ompatons is due to spontaneous breaking of the Z2 symmetry
φ(ξ, τ)→ −φ(ξ, τ). (7)
It takes plae when ξN beomes large enough, see Setion 3. Yet another sys-
tem of oupled pendulums is desribed in [9℄. It diers from the sine-Gordon
or our system by the presene of a term whih represents nonlinear elastiity
of the wire, and from our system also by absene of the rods. Thanks to the
nonlinear elastiity the solitons are ompatons. They essentially dier from
the ones disussed by us.
In [3℄ we have disussed in detail the relation between the system of
pendulums and the eld-theoreti model with Lagrangian (1), as well as basi
properties of ompatons: their shape and energy. In the present paper we
investigate waves propagating in the ground state with broken Z2 symmetry,
and we make a preliminary study of prodution of ompatons and anti-
ompatons during the Z2 symmetry breaking transition. Suh transition
an be triggered by, for example, dereasing the elastiity oeient κ or
by inreasing the length R of the arm. Both possibilities seem tehnially
feasible. The rst topi is disussed in Setion 2. It is interesting beause
the standard proedure, based on linearization of eld equations, does not
work here  potential (2) is not smooth at the absolute minima. It turns out
that even in the limit of small amplitudes the pertinent evolution equation
remains nonlinear. As for the seond topi, it is related to the broad subjet
of dynamis of rapid phase transitions and prodution of topologial defets
[10, 11℄. We show in Setion 3 that thanks to extraordinary simpliity of our
model one an alulate time evolution of the system during the symmetry
breaking transition. In partiular, one an see how many topologial defets
are produed.
2 Small perturbations of the ground state
In this setion we onsider an innite hain of pendulums, ξN → ∞, and
we abandon the boundary onditions (3). The main reason for this step is
4
that we would like to study eets whih are due to the innite potential
barrier at φ = ±φ0. At the ends of the nite hain the barrier is not felt at
all beause of ondition (3).
The evolution equation whih orresponds to Lagrangian (1) has the form
∂2τφ− ∂2ξφ− sinφ = 0 (8)
if
|φ| < φ0.
When φ reahes ±φ0 the pendulums elastially boune from the rods,
∂τφ→ −∂τφ, (9)
or just rest on them if the veloity vanishes. Let us emphasize that Eq.(8)
does not hold when φ = φ0.
In the present paper we assume that the maximal angle φ0 is small and
therefore
sinφ ∼= φ. (10)
This an be ahieved by putting the rods lose enough to the pendulums
when they are in the upward vertial position. Then, Eq.(8) is linearized
∂2τφ− ∂2ξφ− φ = 0. (11)
For the innite hain of pendulums the two degenerate ground states are
given by
φ = ±φ0. (12)
Evolution of small perturbations of the ground state φ0 is governed by Eq.(11)
and the reetion ondition (9). Suh perturbations have the form of waves
propagating along the hain: the pendulums rise a little bit above the rod
and fall bak. We assume that amplitudes of the waves, equal to φ0−φ(ξ, τ),
are not too large,
φ0 − φ(ξ, τ) < φ0, (13)
that is that none of the pendulums reahes the upward vertial position.
Condition (13) is of ourse equivalent to φ(ξ, τ) > 0. In order to investigate
the waves we use the following trik. Instead of the original eld φ(ξ, τ) we
onsider another one, namely φ(ξ, τ) related to φ(ξ, τ) by the formula
φ(ξ, τ) =
{
φ(ξ, τ) if φ(ξ, τ) ≤ φ0
2φ0 − φ(ξ, τ) if φ(ξ, τ) ≥ φ0. (14)
Condition (13) means that
0 < φ < 2φ0. (15)
5
Equation (11) is equivalent to the following evolution equation for φ
(∂2τ − ∂2ξ )φ =


φ if φ < φ0,
0 if φ = φ0
φ− 2φ0 if φ > φ0.
(16)
The r.h.s. of this equation for φ 6= φ0 orresponds to the potential V (φ)
given by the following formula
V (φ) =
{ −1
2
φ2 for 0 < φ ≤ φ0,
−1
2
(φ− 2φ0)2 for φ0 ≤ φ < 2φ0. (17)
V (φ) is symmetri with respet to the point φ = φ0 at whih it reahes its
absolute minimum, V (φ0) = −φ20/2, see Fig. 2. Equation (16) gives ontin-
uous evolution of φ and of its rst derivatives ∂τφ, ∂ξφ. The advantage of
using φ instead of φ is that beause of relation (14) suh ontinuous evolution
of ∂τφ automatially gives the reetion (9) of ∂τφ at φ = φ0.
| |0 0
_
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Fig.2. The potential V (φ).
Beause we are interested in osillations of φ around φ0, we substitute
φ = φ0 + φ0ǫ(ξ, τ).
Evolution equation for ǫ follows from Eq.(16),
(∂2τ − ∂2ξ )ǫ = ǫ− sign(ǫ) (18)
(we assume that sign(0) = 0). Condition (15) is equivalent to
|ǫ| < 1. (19)
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Solutions of Eq.(18) desribing running periodi waves an be obtained with
the help of the Ansatz
ǫ(ξ, τ) = ǫ(ζ), ζ =
ξ − vτ√
v2 − 1 . (20)
Here v is the phase veloity of the wave. It is assumed that |v| > 1. Now
equation (18) is redued to ordinary dierential equation
ǫ
′′
= ǫ− sign(ǫ), (21)
where
′
denotes d/dζ . Integration of Eq.(21) gives the relation
ǫ
′2 = (1− |ǫ|)2 − (1− ǫ0)2,
where ǫ0 > 0 is the maximal value of ǫ. Hene,
± ǫ′ =
√
ǫ0 − |ǫ|
√
2− ǫ0 − |ǫ|. (22)
the sign + or − should be hosen in aordane with the sign of ǫ′ beause
the r.h.s. of (22) is nonnegative. We onsider Eq.(22) in the regions ǫ ≥ 0
and ǫ ≤ 0 separately. Simple alulations show that if ±ǫ ≥ 0 then ǫ = ǫ±,
respetively, where
ǫ+(ζ) = 1− (1− ǫ0) cosh(ζ − ζ0), (23)
ǫ−(ζ) = −1 + (1− ǫ0) cosh(ζ − ζ1). (24)
Here ζ0, ζ1 are onstants. These two solutions should math eah other at
ζ = ζ1/2 suh that ǫ+ = 0 = ǫ−. Thus,
1 = (1− ǫ0) cosh(ζ1/2 − ζ0),
and
1 = (1− ǫ0) cosh(ζ1/2 − ζ1).
These onditions are satised if
ζ1/2 = ζ0 +
Λ
4
, ζ1 = ζ0 +
Λ
2
, (25)
where
Λ = 4 arosh
1
1− ǫ0 . (26)
It turns out that at suh ζ1/2 also the rst derivatives of ǫ+, ǫ− are equal.
ǫ+(ζ) is non-negative in the interval ζ ∈ [ζ0 − Λ/4, ζ0 + Λ/4], and ǫ−(ζ) is
non-positive on the interval ζ ∈ [ζ1 − Λ/4, ζ1 + Λ/4]. Taken together they
give ǫ in the interval [ζ0 − Λ4 , ζ0 + 34Λ], and ǫ for all other values of ζ an be
obtained by periodi repeating ǫ+ and ǫ−, see Fig.3. Thus, we have obtained
the running periodi wave of the cosh type.
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Fig.3. The periodi wave of the osh type.
It is lear that Λ is the wave length for ǫ(ζ). The periodiity in ζ implies
periodiity in ξ with the wave length
λ = Λ
√
v2 − 1,
and in τ with the period
T = Λ
√
1− 1
v2
.
The orresponding wave number k = 2π/λ and the frequeny ω = 2π/T
obey the relation
ω2 − k2 = 4π
2
Λ2
. (27)
The group veloity of this wave
vg =
∂ω
∂k
=
k
ω
=
1
v
is smaller that 1. Beause the r.h.s. of formula (27) does not vanish, the
waves are massive. For xed wave number k the group veloity inreases
with Λ. Aording to formula (26) Λ inreases with ǫ0. Therefore, the waves
with larger amplitude are faster. This dependene on the amplitude appears
beause Eq.(21) is nonlinear. Due to the disontinuous harater of the sign
funtion it an not be linearized even for arbitrarily small ǫ  in our system
even arbitrarily small osillations around the ground state are nonlinear.
3 The Z2 symmetry breaking transition
In this Setion we onsider the nite hain of pendulums, ξN < ∞. φ obeys
the boundary onditions (3). We again assume that φ0 is small enough to
justify the approximation (10). In order to simplify the model further, we
now assume that the dynamis of pendulums is dissipative, that is that the
pertinent evolution equation has the form
∂τφ− ∂2ξφ− φ = 0, (28)
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instead of (11) (if |φ| < φ0.) Physially this an be ahieved by putting the
hain of pendulums in a visous liquid. In the present ase the seond of
formulas (6), relating the τ variable with the physial time t, is replaed by
τ =
mg
γR
t,
where γ is a onstant oeient haraterizing the frition. The main ad-
vantage of suh over-damped system is that by quikly loosing its energy it
rapidly evolves towards a stable state.
If the hain of pendulums is long enough, that is if ξN ≥ π/2 as shown
below, there are two degenerate ground states given by
φ = ±φv,
where
φv =


φ0 sin(ξ + ξN) for ξ ∈ [−ξN ,−ξN + pi2 ],
φ0 for ξ ∈ [−ξN + pi2 , ξN − pi2 ],
φ0 sin(ξN − ξ) for ξ ∈ [ξN − pi2 , ξN ].
(29)
Suh φv obeys the boundary ondition (3). The sinus funtions are solutions
of Eq.(28)  they desribe gradually tilted pendulums. For the intermediate
values of ξ, that is when −ξN +π/2 ≤ ξ ≤ ξN −π/2, the pendulums just rest
on one rod. For the hains shorter than π formula for φv given above an
not be aepted. Below we show that in this ase the stable ground state is
given by
φs(ξ) = 0. (30)
This state is symmetri with respet to the Z2 transformation (5).
The stati ompaton is obtained from the ground state −φv by ipping
pendulums from one rod to the other one at the intermediate values of ξ.
This ip is given by the stati solution of Eq.(28),
φ = φ0 sin(ξ − ξ0) (31)
in the interval ξ ∈ (ξ0 − π/2, ξ0 + π/2). The ompaton is loated at ξ0
and it has the width π. Notie that the sinus funtions present in formula
(29) an be regarded as half-ompaton and half-antiompaton sitting at
the ends of the wire. If the ompaton is present, at the ends we have
two half-antiompatons. The ompaton does not interat with these half-
antiompatons if it is loated far enough from the ends, namely if −ξN+π <
ξ0 < ξN − π.
Solutions of Eq.(28) an be written in the form of deomposition into
eigenmodes
φ(ξ, τ) =
∞∑
n=1
fn(τ) sin
πn
2ξN
(ξ + ξN), (32)
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where
fn(τ) = fn(0) exp(λnτ), (33)
λn = 1− π
2n2
4ξ2N
. (34)
Let us reall that φ(ξ, τ) evolves aording to equation (28) until a pendulum
touhes one of the rods. Therefore, solution (32) is physially relevant until
|φ| = φ0 at ertain ξ and τ . At later times the desription of the evolution of
the system has to take into aount the reetion ondition (9). Obviously,
formulas (32-34) orretly desribe evolution of small deviations from the
Z2 symmetri state φs = 0. In the ase when this state is unstable, these
formulas are relevant if τ is in ertain nite interval [0, τ0]. If that state is
stable, λn < 0, the formulas desribe exponential disappearane of small
perturbations when τ → ∞. Of ourse, in any ase we have to take the
oeients fn(0) small enough.
Formulas (33-34) show that the modes with n > 2ξN/π exponentially
disappear, while the modes with n < 2ξN/π exponentially grow. Beause
the smallest value of n is equal to 1, all modes exponentially disappear if
ξN < π/2. This means that the Z2 symmetri solution φs = 0 is stable. In
this ase ξN is too small to allow for appearane of the half-ompaton +
half-antiompaton pair at the ends of the hain.
Let us remark here that suh lear ut division into the two possibilities
is an artifat of the approximation (10). As shown in [3℄, in the ase the
ompaton is obtained from Eq.(8) without this approximation, its width
depends on φ0 and it approahes π when φ0 → 0 (the dierene vanishes as
φ20). Therefore, in the real system ξN larger than π/2 still an be too small
to aomodate the half-ompatons at the ends. In suh intermediate ase
ertain unstable modes fn(τ), 1 ≤ n ≤ n0, are present but in the nal stati
and stable onguration the pendulums are tilted towards one of the rods
but do not reah it.
The value of ξN an be regulated by hanging κ. It turns out that evo-
lution of the system an be investigated analytially also when κ is time-
dependent, κ = κ(τ). This is partiularly interesting when κ is hanged from
a large value κi > κc to a small value κf < κc, where
κc =
4mgRaN2
π2
is the ritial value of the elastiity oeient at whih the rst unstable
mode appears and the symmetri state looses its stability.
First, we return to the physial position variable x beause it is inde-
pendent of κ, see the rst of formulas (6)  equation (28) is written in the
10
following form
∂τφ− κa
mgR
∂2xφ− φ = 0, (35)
where x ∈ [−Na,Na]. Let us write φ(x, τ) in the form of Fourier series
φ(x, τ) =
∞∑
n=1
hn(τ) sin
πn
2Na
(x+Na). (36)
Equation (35) implies that
h˙n(τ) = λnhn(τ), (37)
where
λn = 1− π
2n2κ
4mgRaN2
= 1− n
2κ
κc
, (38)
the dot denotes d/dτ. Equations (37) an be integrated also when λn =
λn(τ) :
hn(τ) = hn(0) exp
(∫ τ
0
λn(σ)dσ
)
. (39)
Let onsider in detail the transition whih begins at the moment τ = 0,
and suh that
κ(τ) =
{
κi − K˙τ if 0 ≤ τ ≤ τf
κf if τ ≥ τf , (40)
where K˙ > 0 is the onstant rate of hange of the elastiity oeient κ.
Hene,
τf =
κi − κf
K˙
.
In this ase formula (39) gives
hn(τ) = hn(0) exp
(
τ − κi
κc
n2τ +
K˙
2κc
n2τ 2
)
(41)
when τ ≤ τf , while at later times
hn(τ) = hn(0) exp
(
−(κi − κf)
2n2
2κcK˙
)
exp
(
τ − κf
κc
n2τ
)
. (42)
Formula (41) implies that n-th mode begins to grow at τ = τn, where
τn =
2κi
K˙
(
1− κc
κin2
)
. (43)
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However, one has to add the restrition τn ≤ τf beause for larger times
formula (41) is not relevant. This restrition implies that in fat only modes
with n ≤ nf1 beome unstable, where
n2f1 =
2κc
κi + κf
. (44)
Beause κf > 0 and κi > κc,
nf1 ≤ 1.
The term with n = 1 in formula (36) desribes pendulums whih are tilted
to one of the rods only  this mode does not give φ = 0 at any point exept
the ends. Therefore, this mode an not lead to appearane of the kinks.
Hene, right during the transition, ie. when τ ≤ τf , no ompatons and
anti-ompatons are produed.
During the seond stage of evolution of the system, when τ ≥ τf , formula
(42) should be used. It predits that the number of growing modes remains
onstant, and that it is bounded from above by nf2, where
n2f2 =
κc
κf
.
It is lear that nf2 > 1, and that nf2 beomes arbitrarily large if κf is smaller
and smaller. Below we argue that nf2 gives the upper bound on the produed
ompaton - antiompaton pairs. Notie that it does not depend on κi. Also
the magnitude of K˙, or equivalently τf , is not relevant in this respet.
Aording to formula (36) eah mode evolves independently. Therefore,
the presene or absene of a given mode is determined by the initial data
speifying hn(0). If only a single growing mode hn is present, its amplitude
grows monotonially until the pendulums touh one of the rods. If the frition
is very large, one may expet that they will not be able to boune bak
over the energy barrier at φ = 0 and to fall on the other rod. Therefore,
in suh over-damped ase the total number of produed ompatons and
anti-ompatons is equal to n − 1. This number does not inlude the half-
(anti)ompatons whih appear at the ends of the hain. The number of
ompatons may dier by 1 from the number of anti-ompatons  in suh
a ase the total topologial harge is made equal to zero (whih is its initial
value) by the two halves at the ends. For example, if a single ompaton is
present, at both ends there are two half-antiompatons. Thus, in the over-
damped ase the total number of produed ompatons and anti-ompatons
is not larger that nf2− 1, and it does not depend neither on the initial value
of κ nor on the rate K˙ of the transition. The atual number of produed
kinks is determined by the initial data hn(0).
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Formula (41) shows that the value of hn(τf ) inreases with inreasing
value of the rate K˙ of the transition if n < nc, and dereases if n > nc, where
n2c =
2κf
κf + κi
n2f2.
It is lear that nc < nf2. Beause evolution of the modes at times larger than
τf does not depend on K˙, this means that the unstable modes with n < nc
have larger amplitudes if the transition is rapid. Then, these modes reah
the angles ±φ0 earlier than in the ase of a slower transition with the same
initial perturbation. The opposite happens for the modes with n > nc. Thus,
the magnitude of K˙ has inuene on the time of arrival at the nal state
after the transition.
4 Remarks
1. One an develop another approah to studying the waves propagating in
the ground state φ0 (Setion 2) by rst smoothing the potential V (φ) at φ =
φ0, then applying the standard approah, and removing the regularization in
the end. The essential diulty with this approah is that in order to obtain
waves of non-vanishing amplitude after returning to the original potential
V (φ) one has to onsider waves with nite amplitudes in the regularized
potential, and suh waves probe nonlinearity of the regularized potential.
Therefore, this approah is in fat more umbersome than the one adopted
in Setion 2.
2. It is tempting to ompare our results on prodution of the kinks with
the well-known phenomenologial preditions for the number of produed
topologial defets during phase transitions in ondensed matter systems, see
[1, 12℄ for reviews and referenes, where a strong dependene on the rate of
the transition is expeted, and atually seen in various numerial simulations
and atual experiments. On the other hand, our expliit alulations of
that number give results whih do not show suh dependene. This may be
explained by the fat that we have takled only the ase of very speial initial
perturbations: the ones with a single eigen-mode present. Clearly, studies
of this aspet of the model should be ontinued by onsidering more generi
initial states.
3. Another topi whih deserves a separate study is interation of om-
patons, e.g., their sattering. Preliminary investigations reveal a rih dy-
namis whih inludes emission of radiation and breather-like states. One
more interesting aspet not disussed here is interation of the waves and
the kinks with the boundaries at ±ξN . Reently a study of suh interations
in another model has appeared [13℄.
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